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/ ABSTRACT

in this paper, the authors gave a review of some recent developments on
multivariste statistical techniques for detsction of the number of signals using sigenvalues.
The main emphasis of the review is on EFFICIENT DETECTION CRITERION €DC) procedures
proposed by the authors recently. These procedures are strongly consistent

—

Key words and-phrauc Signal processing. eigenvalues, additive model, strong consistency,
information theoretic criteria.
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_ 1. INTRODUCTION

in the area of signal processing, eigenstructure methods are becoming popular in
determination of the number of signals and estimation of the parameters of the signals
when noise is present Problems of signsl detection in presence of noise are quite
complex and they arise in many situations. For example, in the area of active sonsr
detection, signals are transmitted and the echoes from the targets are recorded The
observations are corrupted by disturbances in the sea and we are interested in
identification of the targets. In radar detection, pulses are sent and the reflections from
the targets are recorded Here, the observations may be subject to atmospheric
disturbance and disturbances due to jammer and clutter. Eigenstructure methods were used
in the past by Haykins (1985), Kumaresan and Tufts (1980), Ligget (1973), Owsley
. (1977),(1985)), Pisarenko (1973), Reddi (1979), Schmidt (1979), Tufts and Kumaresan (1982)
and Wax, Shan and Kailath (1984). Recentlyy, Wax and Kailath ((1984),(1985), Zhao,
Krishnaish and Bai ((1985a), (1985b)), Bai, Krishnaish and Zhao (1985) and Pauiraj and Kailath
(1986) considered the problem of determination of the number of signals using model
selection approach. The object of this paper is to give a review of the work on model
selection approach to determine the number of signals in presence of noise.

T Y T T Y YV Y YV

in the model considered in this paper, the observations from the sensors are
expressed as the sum of noise and linear combinstions of the wavefronts of the signasis
from the sources. When the noise is spatially white, the number of signals is reiated to
the muitiplicity of the smallest eigenvalue of the covariance matrix 22 of the observation
vectors. Various test procedures are available in the literature (e.g. see Anderson (1983),
Bartiett (1954), Krishnaiah (1976) and Rao (1973) for testing the hypothesis that the
multiplicity of the smallest eigenvalue of the covariance matrix is equal to a specified value
when the underlying distribution is muitivariate normal. The above tests can be used to test
the hypothesis that the number of signais is equal to a specified value. When the noise is
spatislly colored, the number of signals is related to the muitiplicity of the smallest
eigenvalue of 222:1whore 81 is the covariance matrix of the noise vector. Rao (1983)
considered the following related probiem. Let S1 and S 2 be distributed independently as
central Wishart matrices with n, and n, degrees of freedom and E(Si) = niti for i = 1,2
i Also,lot22=l‘+A21wheraxisaknownoru1knownscdt,mdrismgative
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definite matrix. Rao (1983) derived the likelihood ratio test statistic for testing the
hypothesis on the rank of T when )\ is unknown; when ) is known, he derived modified
likelihood ratio test statisticc. The results of Rao can be used to tast the hypothesis that
the number of signals is equal to a specified value in the case of spatially colored noise.

There are a number of situations where the experimenter is confronted with the
problem of making one of the various possible decisions instead of testing one specified
hypothesis. In these situations, one can formulate the problem within the framework of
model selection In our case, we have to chooss one of the several possible models
where sach model corresponds to the statement that the number of signals is equal to a
particular vaiue. in the model selection approaches discussed in this paper, we do not
need any threshold value (critical value). In tests of hypotheses, we need a critical value
for implementation of the tests and it is quite complicated to compute the critical values in
some situations. The model selection approaches discussed here involve using certsin
information theoretic criteria Of course, model selection methods should have optimum
properties to have an appesl. One such desirable property in our case is the consistency
of the estimaste of the number of signsis Consistency property of the model selection
methods is also discussed in this paper. A description of the organization of the paper is
given below.

in Section 2, we give some preliminsries. In Section 3, we give a review of the
literature on detection of the number of signals in presence of white noise. Anslogous
problems are reviewed in Section 4 when the noise is spatially colored. In Section 5, we
review the literature on detaction of the number of signals when the subarrays are located
st wide distances apart The main emphasis of this review is on the Efficient Detection
Criteria (EDC) procedures developed by Zhso, Krishnaish and Bai ((1985a), (1985b) very
recently. These procedures are strongly consistent In the case of white noise, Bai
Krishnasish and Zhso (1985a) gave exponential type bounds on the probability of wrong
detection of the number of signals if the EDC procedures are used These bounds tend to
zero rapidly as the sampie size increases. Similar bounds can be derived in the case of
spatislly colored noise.
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We now define complex muitivariate normal and Wishart distributions since these
definitions are needed in the sequel
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Let x =y t iy_z where (!”.!’2) is distributed as 2p-variate normal with mean vector

I 5
- ;) (2.1
2 1

i = /=1 and I, and I, are of order p x p. Then x: p x 1 is known to be distributed
as complex muitivariate normal with mean vector 9 and covariance matrix £ = 2(2‘+i22).
Thodonsityoffis of- the form

2

0 and covariance matrix
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fd = {1/2°|T|Jexpi-XZ % (2.2)

whers E and A respectivaly denots the complex conjugste of a and transpose of A Next,
let x % be distributed independently and identically as complax muitivariste normal with

mean vector 0 and covariance matrix I ThenS = § gigiisknowntobodistribtmdas
K js1
:;' the central complex Wishart distribution with n degrees of freedom and E(S) = nZ. The
compiex muitivariste normai distribution was considered by Wooding (1956) whereas the
4 _complex Wishart distribution was investigsted in Goodman (1963). Complex muitivariste
N normal distribution belongs to the family of complex elliptically symmetric distributions oo
. studied by Krishnaiah and Lin (1984). For a review of the literature on complex muitivariate
distributions, the reader is referred to Krishnaish (1976 o
3 3. DETECTION OF NUMBER OF SIGNALS IN PRESENCE OF WHITE NOISE e
v . ‘_ *
F-_ In this section, we discuss certain methods of detection of number of signals in »
9 presence of white noise. The model that is considered is given by Sl
[ el
¢ YA
] xt) = As(t) + nit 3.1) o~
: o
o
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where A = [AU_»‘),...A(Q'1 )], Ao = (x‘m,.,,xpm)‘, s = (s 1(t),_,sqm), and Y = In 1m,\..l'\”tt».
Here the elements of j—th column of A depend upon the parameters of j—th signal Also,
l_:dt)mdg(t)redistributedindcpondontlyasconploxmﬁtivxilt.nomnlwiﬂlEr_m=gE§m
=Q E{r_\tt)l_Tt)'} = ozlp. E[glﬁgﬁ)'} = ¥ The covariance matrix I of xit) is given by

T, = AWK + 'L (3.2)
in the model (3.1), xj(t) denotes the observation on j—th sensor, nj(t) denotes the noise
component associated with j~-th sensor, and sjm is the signsl due to j-th wavefront Also,
we assume that a uniform linear array of p identical sensors is used and q is unknown In
addition, we assume that )_dt 1"“‘"-‘“:.’ are n independent observations. One special case (eg,
see Shan, Wax and Kailsth (1985)) of the A matrix is

A(gl.) = (1.oxp(-imotl_).m.exp(-im o(p-thj» (3.3)
where ‘l’j = (d sino,)/c. d is the distance between the sensors, ¢ is the propagstion speed

of wavefront, and e‘_ denotes the angle of arrival of j~th signal

One important probiem in signal processing is to estimate q. the number of unknown
signals. We will now discuss this problem from the point of view of model selection

Lotx‘;_.,>_Apmumdgmvmoftmmz‘?_mszmuh

n
eigenvaives of ;: whore.ni = J :.dti):_d—ti)". Here we assume that xit )..xit) are distributed
=1

independent of each other. Now,lotHk:xk>xk”=_=xp=ozwh¢reazis
unknown. Mdeonommohypothuisthatmmmb«ofsw:isoMtok It is
knownmmol&dihoodraﬁouotstaﬁsﬁcfortuﬁnngisgivmby

Yadiies )

L L4
L= {1 ahe-w [ & (3.4)

imke 1

[ 4

Since -2lo¢.u is distributed asymptotically as Chi-square with (p—kip~k+1)-1 degrees of
freedom, we can use the above statistic for testing Hk for large sampies. In most of the
Mons.wodonotknowaforwlmvdtmofkwomunﬂu. Also,ifHkis

rejected, we shouid test for Hu” conditional upon the rejection of Hu' The distribution
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problem in this case is complicated We now discuss a model selection approach
proposed by Zhao, Krishnaiah and Bai (1985a) for determination of the number of signals.

Let

EDC(k.Cn) = -Iod.k + C“y(k,p) (3.5)

where ykp) = k(2p-k+1)+1 is the number of free parameters that have to be estimated
mdeerdenischosansuchﬂnt

lim {C/n} =0 (3.6)
Nao
lim {C /loglogn} = . 3.7)
Ny n i
Also, let
EDCQC) = min{EDCIO.C )..EDCP-1.C 1} (3.8)

Zheo, Krishnsish and Bai (1985a) showed that q is a strongly consistent estimate of q This
criterion is known to be Efficient Detection Criterion {EDC. When Cn = 1 in (35)

A
EDC(q.C") reduces to Akaike's AIC Criterion but Cn does not satisfy condition (3.7) in this

case. When cn = 1/2logn, EDC(a.Cn) reduces to Schwartz-Rissanen’'s minimum description
length (MDL) criterion and it satisfies conditions (3.6) and (3.7. Wax and Kailsth (1984)
used AIC and MOL criteria for determination of the number of signals. They have pointed
out that the AIC criterion is not consistent whereas the MDL criterion is consistent; their
proofs sre incomplete (see Zhso, Krishnsish and Bsai (1985c). Bai, Krishnaish and Zhao
(1985) gave an exponential bound, under certsin conditions, on the probability of wrong
detection and this bound tends to zero rapidly as nec.

LotH:: A, > A,y - =X =1 Zno, Krishnsish and Bai (19854 derived the
following expression for the likelihood ratio test statistic L: for H::

-]
logl. = n I togt +1-20) (3.9)
A Pt :




where T denotes the number of eigenvalues z' which are greater than one. They also
A - A
showed that q is a strongly consistent estimate of q where q is chosen such that

A
EDCIQC ) = —logt, + C yk.p) (3.10)
where Cn satisfias the conditions (3.6) and (3.7) and yk.p) = ki(2p—k+1).

in the EDC procedure described above, it was assumed that xit ').m.g_dtn) are
distributed independently as complex multivariate Gaussian. But, these assumptions need not
be valid in a number of situations. But, the proofs of the strong consistency of a given
by Zhao, Krishnaiah and Bai for the cases of unknown o> and 6> = 1 are valid under the
following weak conditions:

i) {’.dta' i = 1,2.} is a stationary and ¢ - mixing sample sequence with ¢ (3.11)

decreasing and | ¢''%j) < »
=

(i} E()_((t‘” =a E({l-(ﬂ‘b.dt‘)} 2“' <oforsomee>0andi= 12. (3.12)

If xit 1),.,:.«") are not distributed as independent complex muitivariste normal, Lk and L: are
not’ likelihood ratio test statistics for H and H: but the procecres described in this
section can be still applied if the conditions (3.11) and (3.12) are satisfied
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4. DETECTION OF NUMBER OF SIGNALS IN PRESENCE OF SPATIALLY COLORED NOISE %"
Consider the model é

xtt) = Astt) + l”zgm (4.1) ‘;‘

where ) is known or unknown Also, Xl : px1, A, sttt qx1 and nit) are as defined in ;:::,

Section 3 with the fqllowing difference. The covariance matrix of nit) is T v that is, noise .4

is spatislly correlated. Here, the covariance matrix !:2 of xt) is related to 2‘ as E

I, = AWK + XS (4:2)

Then, we are interested in finding out the number of signals q which is unknown This L

problem is equivalent to the problem of finding the number of eigenvalues of 222:'which _ )

are different from its smallest eigenvaiue. :';-_: :

Rao (1983) considered the following problem which is very closely related to the

above problem. Let S and S, be distributed independetly as central Wishart matrices with -
n, and n, degrees of freedom respectively and E(S) = nf for i = 1,2 Also, let I, =T -
+ 121 where ) is known or unknown and T is of rank qi<p) and is nonnegative definite. o

Rao (1983) derived the likelihood ratio test and modified likelihood ratio test for the rank

of T when ) is unknown and known respectively. The above procedures, with minor oo

modifications, can be applied to the case when S and S, are distributed as complex -Z‘_

Wishart matrices. So, the resuits of Rao can be applied for testing the hypothesis that the “

number of signals is equal to a specified value. We will now describe certain model =

selection procedures proposed by Zhao, Krishnaish and Bai (1985b) for determination of
the number of signais.

When the data is collected at widsly spaced time points t1,..,t"2,.it is realistic to -
assume that xt 1)...:_t(tﬂzb. the observations on the sensors, are distributed independently. In
n e

this case. we can estimate T, with S_/n, where S, = ‘)::_dtj)ﬂ. Now, let S /n  denote B

an unbissed bissed estimate of I obtained from an m’;e‘pendm set of n_ observations ]
which consist of noise only and no signals. In this case S‘ and Sz are distributed ~
independently as complex Wishart matrices with n_and n, degrees of freedom and EiS) = .
nE for i = 1,2 where the reistionship batween I, and I is given by (32} with I :
Y

e
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instead of oI Now. let A2 o-2 Ap denote the eigenvalues of 222;'and let 5‘ 2 .

2 8 denote the sigenvalues of S 2S:'n‘/nz. Also let

H::x>x =.=) =1 (4.3)

Zhao, Krishnaiah and Bai (1985b) showed that the LRT statistic for H: is given by

P
-n/2 -np /2
Lq - i-1+mirgqﬂ(un+an6i) § (4.4)

where n = n+ n, a = "1/"' Bn = n2/n and T denotes the number of 6i's greater than

one. Now, let

EDC'KC ) = -logt, + Y kpIC_ (4.5)
where 7'(k.p) = k(2p—k) and Cn satistfies the foliowing conditions:
* @ lim (C/ny =0 (4.6)
Nao "
i) lim (C /loglogn = (4.7)
Ao "

A
An estimate of q of q is given by

A
Eoc’«qcn) = minieoc"(o.cn),_,soc"tp-1,cn)}. (4.8)

Zhao, Krishnaish and Bai (1985b) proposed the above estimate and proved its strong

consistency.

Next.loth:).q>). =...=Ap=xwh«QXisunknown In this case, the

q+1
likelihood ratio test statistic is known (see Rao (1983)) to be
e A n nz‘n
ba = dh Lin, 8,40 i 78 ’\6] (4.9)
’
where \l 0 satisfies the equation
w= 7 0 3 } (4.10)
p—k) = M{ﬂ “\.o"“n&o + 3..5,-’ . .

Now, let
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EDC(k.Cn) = -Iong + Cny(k.p) (4.11)

where yk.p) = k(2p—ki+1. Then, an estimate of a of q is given by
EDC(q.C") = min{EDC(O,Cn).m.EDC(p-1,Cn)}. (4.12)
Zhao, Krishnaiah and Bai (1985b) proposed the above estimate and established its strong
consistency. The property of strong consistency holds good even if the assumptions of
independence and normality are violated provided the conditions (4.6) and (4.7) are satisfied
and (3.11) and (3.12) are true for the two sets of observations used to estimate 21 and

Z,

We will now discuss the method proposed by Paulraj and Kailath (1986) for the
determination of the number of signals when the noise is spatially colored  They
considered the situations when two estimates of the array covariances are available by
displacing the array. The two-measurement model considered by them is given by

xi(t) = Aasam +nl) i=12 (4.13)
where z(t) and 55‘" are respectively the observation vector and vector of wavefront of i-th

measurement The covarisnce matrices of the observation vectors for the measurements is
given by

(4.14)

Also, 2 is estimated with sza’" where

nS

]
™~
x
-
x
3
3

2i B~
=

In addition, let P = 221 - 222 and R = (1/!1)(821 - 522). Now, let 11 2 -2 xp denote
the eigenvalues of P and let R.' 2 .2 Ep denote the eigenvalues of R If the columns of
[A' A2] are distinct and p>2q, then

A =.=x_=0 (4.15)
q+1 P-q

if ¢1 and *z are positive definite and 01 - 1,2 is nongingular and A1 = Az' then




- 2

«‘:‘-"‘n"‘:. :

&

A Y5t

ORI

g1 - =2, =0 (4.16)
Taking advantage of (4.15) and (4.16), Paulraj and Kailath proposed using methods similar to
those used in Wax and Kailath (1984). But, unfortunately, the distribution of S22 - Sz1 is
very complicated since it is the differsnce between two complex Wishart matrices So,
we feel that the derivation of the likelihood ratio test statistics for testing the hypothesis
that some of the eigenvalues are zero and the establishment of the consistency of the
information theoretic procedures are difficult and may not be feasible. When A1 = A,
one may use some suitable function of 2k+‘,m.2p to test the hypothesis that xm = .=
Xp = 0. One possible test statistic is 2“1. But, unfortunately, the distributions of test
statistics based upon zm._.zp involve 11,.-.xk as nuisance parameters. But, asymptotic
distributions of the test statistics may not involve nuisance parameters. Remarks similar to
thoal:»ovemayl:;er'md»fortestingthohy;.mtl'lesistmt)‘kM =.= lp_ =0wh¢nt‘ and
1;2 sre positive definite and the columns of [A1 Azl are distinct

~N

q

5. DETECTION OF NUMBER OF SIGNALS IN DECENTRALIZED PROCESSING

Insomosimtiom.'ﬂ\otrays of sensors are located in locations which sre wide
spart In these cases, the model can be written as
x () = Ahgm +nt (5.1)
for h = 1,2,..M where 5"«) : phx1 denotes the vector of observation at t-th time point
using h-th group of arrays, sit) : qx1 is the signal vector, th is the noise vector on h—-th
subarrayandA":phxqisamltrixwhosodomontsdepmd\ponm”m:oftho
signals. We also assume that gtt) and r_t"m are distributed independently as complex
multivariste normal with Eistt) = O Ein () = O EistosRh = ¥ and En(n ) = 01 We siso
assume that x ‘m..,.:_:nm are distributed independent of each other. The covariance matrix
:Zh of X is given by
xz" = A”igAh + G?I"h (5.2)
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Now let S = }:Z ,xh(t‘,);h(tj). Also, let £ > - 2 2”..“ denote the eigenvalues of S, /n
Under the model (5.1) Wax and Kailath (1985) proposed to estimate q the number cf
sources, using AIC and MDL criteria The same method can be used even if the noise
variance differs from subarray to subarray. We now propose a method of estimation of

the number of signals using the EDC criterion when the covariance matrix of n {t) is o;‘:.

(RS
l' ';‘s/ " -' "

A

Ay A A, 4

-

A )

EDCIC p) = ~logt  + C_ yikp) (5.3)

where C"h satisfies the conditions

M lim {Cm/n} =0

Nae®
(ii) lim {leloglogn} = o (5.4)
N
Also, x(k,ph) = k(2ph-k+1)+ 1, and
ph n ph p -k)
L, = {...ff "‘». A RN (5.5)
In addition, let
M
EDCK) = NE'EDC&.CM;ph) (5.6)
Then, an estimate a of q is given by
A
EDCi@ = min{EDCI0)...EDC(p-1)} (5.7)

»
where p = minlp'..,,pM). We may choose Cm" to be equsl to Cn. The above procedure

may be applied even if 02‘ = .= on.

befow. Let Lu denote the likelihood ratio test statistics for testing the hypothesis that
= =gl h=12.M
)

Alternatively, we can use the procedure described

Aeorn =

In this case




A A

I3
%

A 40

- n _—
- w AL W W (R4S Sl AR Pt St bl s » 0. g i S B 8 A A e B br it g i T

13
P
V] h M h
- n - nlp _-kM)
Lu - {nlln i-lg'l nm/(nzt i-p&l "m“po kM) "0 (5.8)
where Po =p, vt Po Now, let
EDC(k,cn) = -log.k + Cnv(k.po) (5.9)

where Y‘k-Po) = ki{2p o-kM+M) + M and Cn satisfies the condition

i im (C/m =0
nao "
(i} lim (C /loglogn) = o
N "
A )
Then, the number of signals q can be estimated with q where q is given by
A
EDC(q.Cn) = nﬁn{EDC(O,Cn)....,EDC(p-LCn)} (5.10)

where p = min(p1,....p M) as before. Here, we note that x 1(t)....)_(M(t) are not distributed

independent of each other. If we assume that Q‘(ﬂ....gM(t) are distributed independent of
each other, then E{x(tx'} = AiinA;' So. L_is not the lielinood ratio test statistic unless

Ai‘|.7\'j =0 forikij

Next, let the covariance matrix of n () be }:h ‘snd other assumptions on the model

(5.1) remsin the same. Also, let ;2"‘ denote an unbissed estimate of Zm obtained from an
independent sample of observations which consist of noise without signal We assume that
the size of this sample is n, and the observations in this sample are independent We now
propose an EDC procecure for the determination of the number of signals in this case.

Letxm?_ - 2 A__ denote the eigenvalues of I f‘andletcmz -2 §

phh 2h 1h phh
denote the eigenvaiues of izn'i:: If the number of signals is q then
xﬂ-ﬂ.h =-= xs:h,h =1 (5.11)
for h = 1,2..,M Now, let
EDCk.C WP = -IOd-kh + yh(k.ph)c " (5.12)

where Y n‘k'pn) =

N
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* Lkh i=1 +m!|!\(k,thnan anih) § "

(5.13)

A Ao
' and 1 _ denotes the number of eigenvalues of zzhz": which are greater than one. Also,
X Cm satisfies the following conditions:

@ lim {C /n} =0
neo ™

(i) lim {leloglog\} = @ (5.14)
[y N ]

Here, we note that Lkn denotes the likelihood ratio test statistic for testing the hypothesis

that Xqﬁ-‘l,h = .= x",.-“ = 1. Now,

M
EDCK) = I EDCK.C_p) (5.15)

A
Then, an estimate q of q is given by

"
EDCi@ = min{EDCIO)....EDCip-1)} (5.16)
where p = min(p‘.....pM) as before. By following the same lines as in Zhso, Bai and

. Krishnaiah (1985b), the consistency of the above procedure can be established
Now, fet I . = - = £, 3d let L denote the likelihood ratio test statistic for
testing the hypothesis
)‘k”'h =.= AM =1 forh=12.M
in addition, let
EDC(k.Cn) = -long + Cﬂy(k)
where ylk), denotes the number of free parameters that have to be estimated and Cn
satisfies the following conditions:
i) im {C/n} =0
Na® n
. (i) lim {C /floglogn} = =
: e "
. A A
Then, we can estimate q with g where q is given by
- EDCIGC ) = min{EDCIO.C )...EDCIp=1.C )
:
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